



































































































































Chapter Limit of Fumitims
Let 0 1 AER f A 7112throughout Let
Ac et IR VsCc intersects A ash V 8 o

CE IR H870 I aCA sit o a la c k s
c c IR f n EN F ane Ai Ee s E Ian c in
c e IR F aseq au in Ail 4 s t I im an c

An element of AC is called a chin point or accumulation

point w r t A even though it may not
be in A n

CE Ae iff distCc Aire InfLlc al acAires O

iff dit Ce A 44 s e t e o

For example if
A 52,3 h Q

then Ac EE 37 Indeed A Z LTE 3 because

if 52 E x s 3 and 8 so then with d min of 3 x

one takes bydensityof Q some rational e s t 79k cc actor's

so c EA andoda 4 c r f T implying that
at Ac

if I s n s 3 then one shows similarly that x c A

To Show A E 52,3 you are asked to check that if
KF or 3 a than Vg x b disjoint from Ail x ni f art

disjointfrom Ez D for some 8 0

Below we attempt to define In ft L

Ddeeffinnikionof limits Let f A IR and et IR L EIR
We say that fee converges to L

as x converges to c

fees L as x c if HE o F 870 such that

1 I feel LICEwhenever a CAye with
0C Ix clef






































































































































Note Two Cases

Case 1 c A ie c is isolatedfrom A o F fo o

s t Vorde n Ailes empty
the punched neighbourhood Vg Vq if

disjointfrom A
Thus is vacuum allysatisfied for any positive
8 I do and have f ca converges to and L as x c

Case 2 c C A

Tht Uniqueness and Sequential
criterion Let eA'a

lil If feel L and L ith real L L as
R

k 2 c then L L so notahn.fizfH L illegitimate

fee casx scifffexni nwhmewknhnnm.geEfhEAtg

proof.li Let E o Then I 8,8 o s t

If i LkEVatVCclnAflcDffa4LYcEV acEVr.ca n Ailes

Since a c A 3 at Vong
e n Also and so furthi x

one has f HI LI a and I feel L IL42 and consequently

I L L K E E E valid V E o Therefore we have L L

c hi left for you Toprove part we use

the contradi him argument Suppose fee 17
L as a c

I E o s t No 8 o exists satisfying CA
hi

partialw f n t N I dnt Vince n Hiles
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sit If Enl Ll E Do this for all n we have

a seq xn in Ailes s t of 12in cloth o W

Ifk ni 43 E k n soften 4L but 24 c as in a

contradicting in the statementTh 1 ii

Tea avoid thetrivialitylithsassumefromunionthatefor aco is in A d f A IR l L E IR

Mummers
Th 2 Boundness Order Preserving Squeeze of7h42

Let f g A 7112

C If Lizfees L C IR then f b locallybounded

an win.de a F S o and M o such that

K M H K E Vo c n Ailes

l Tf as yf L L P then F
S o St

fee ap f x E Vol n Ailes
ii If lytic f L to themFor o s t Efes s 3 f KEVolc n A

Ciii Tf feelsgo.ci fact
Ailes and I n L 78

L

exist in IR then L E L

TffeelEh Eg VKEA and Lyfe Limgu
LE R them 1 71

L

proof i Corresponding
to Eo I o take 8 o set

Steel Lk l f KE Vole n KD Letting M 14 11

one has l L Effect Lk l and so K M F
X C Vscc n Scs






































































































































Lii Let E min Lp L L d f o P1 complete
the argument

Iii Let Go Take 8 d o s t

Hey L K K F at Voce n Afl es

gin L la 42 face tf Gn
Ailes

Since c C A take 2C E tf g Cc n A les

Then Hai LK a 1gal L k
and so

L Es feel E yay e L't 42

Miplying that L C L't E valid V E 70 so LIL

Note You can also proveHis
via Iii byantradichin

iv Please do it yourself
Th 3 Compatahin.Rules Let a A and

f g AHR hiatal L mating Hz
h ke IR Then

C limn h feel k ga ke th't t k k E IR

x c

di I im feelya L k
x c

Chi's cmfgf
I provided that ez gut to face A
l z

me
He l fine fix et morale od t.is

eil4aIyyfv9

h4 l vkf maxlqiaD me4ng L n la

dit Tf offset a EA andIshifeel L then of L and maffey FL






































































































































proof We shall only
do and is theotherpartsfor Ex

ii Let E 0 Consider Er Ez o defined by
E mint I Ez min 4,13 whereM 14 114 1

Smile himfeel L t lim g L I Si Ja o s t
X c x 7C

If I Ifs E V KE Vor c n Ahles
l

1841 lake V ne Valcin Aws
2

Let 8 8 n Tal o Let a VgCc n Aik Then

If I t.lt fe4 et L E E l

18411 I Ight eds East
so If 1 SIKHISM and Iga If 1 1 EH where M tiltHalt

Moreover
lfeyge4hkklfuyge4 hgkltl.ge lied

E 1gal If l l t Il l 1941 Id E M If l It might It
ME 1 ME a E M 2km t M Ey E

Therefore
ifeng.ci like e f KE Vien Afiles

proving Cii

Liii Let 8 o Let Ei Ea o be defined by

E EH
F E e

where 14 11,1 11,1 and m ta not that M m o






































































































































Take oh 8270 such that 1 hold and

let 8 midori Sa It remains to check that

µ
HIT al e e faceVilain led

Todothis let act Volyn KD Then by and 121 one has

Ifm Like and ftguyHIDE Ig k k EE so

E 1gal
Consequently

fg tell S k gmh e.l.tl s
I ga't l I

f flatffeyAttilllise µ If l H Ml GK ed
1gal Ild

t
T

L Mathes Et E a

Note AnothermethodforprovingTh 3 is
via

the sequential criterion togethermulti
the corresponding

computation rules forsequences Similarly the

followingexamples can be seen in the same

way but
we preferto do by virtueofdefinitions






































































































































Example 1 Jim Ett Alineadf.denesegnenhaly
x 3 Iz 10 by you

Let E o Let 870 be defined by
8 mink Ez

Let set Vg 3 n AL 33 where A KER 2

It remains to show that 129 lots E To dothis

hhi that Ix 31CSE k so 2Ic as 3 Is K 4 pe Ix 3148ft

44 b
3

E 21 31 417 cud EEX 21

Example 2 We did this questionforsequencesso implicitly owfmh
mx od.IT

im I 28 h.de niedmA LxElRiKF2
X 73 X 2

Sol Let Eso Take 8 o defined by

E mail'z
noting KID is of

chiffon 2E z E

Let set Vg 3 Then K 3K SEE in His 31 4

I IX 21 E I l x 271 13 x Is 8 E K A E E Ix 121
this can also be reached with following way
3 lack c 3 1 2 so 124 a 3 a 4 and I CK 2 In 4 Consequently

19 281 1 77.4571 4 31.1 3191
121 21

H 31 dxt 3lkl 197 L.lk 37144,324 197 447434Ix al Yu
f 1001k 3 Is too 8 E E valid for all at Vg13






































































































































The following result concerns

I 8 A IR T.AE IR

True or not I that I im f gits Iim f a

C to M 11

Y and Seo I myth exist niIR
l him f K t Sto

x 7 Xo

so called Chain Rule The answer is no

hi general e.g g is a constant funtin say

get do f't so me.gr 7CoV to while g w snigular
at co

f X ie ft L
0 it a no

No if 2L X o

w him f ki 0 while

stay fix i Kitimat't

Thu LHS of I

k tis f C O






































































































































The difficultyofthe above example lies in thefact that

I im f Cx
x Ko

has nothing to do with the value off at

but on its near by points because
in

of the definition fr l I im feel on concerns

f Xo

Vor ro n 43 Volvo 1 Exo

ow present A IR T
punched neighbourhood

Th 4 chain Rule Let f A IR not A

und le IR be s t

I linfen
x 724

Let g T A to C To be s t

ko lim gets
to

Supp ne F To o s t

g E I do f t E VyCtDn TiEto

Then I im f yet L
to






































































































































proof Let E o Since l nfeel I 8 0

such that

If else whenever 0C la seok r
t see A CD

Since I im g It X o F T o s E
t to

1gal seok 8 whenever
tf tf to n Tutto 3

By the given property of
Yo it follows that

0C I ga seok 8 when
em t C Yay to n TftoD

and so try l

H gta e l c e whenever tttfny.to if
This shows that I im f Siti L

to

Extensions on Limit concepts
one sidedlimits limit at infinity nifiniti limit

With our miplicit understanding f A IR and a e A

ow notiahin

Lim f Cm should be more precisely
denoteaas

I im fell
A ta se






































































































































For the same the standard nArahin forleft sidelimit

line flag is meant to be
x c

ii i i d

Th
l Lime.fm f K

means by definition that HE o F J o set

If else whenever wtf c n An f aid
ie

Hey e Is e Whenever KCA and c re as a

You are able to give thedefinitionfor 51,1eachof
Exercises 111 Negationforathase new concepts

iii Establish thesequential criterion
two methods La applyoed result to An f

a c

ni planof A
E model the old proof






































































































































I I im feel Assuming that V 8 o F
K to a C A sit as 8

I im feel
x o

It I im feel to
x se toe e IR
d also that when x c b replaced by

x c or All have
x et

or

a
or

sffffffwwiw

x

Thefollowing result is evident

Th 5 Suppose ee Ain Ai where At An c to etc

Then
Linfenexists inEaBiff z

m cEnd

Warning
1 RegardingCandy

criterion not true for.kz LIg

but true fu lmfao exists in IR f ez z
a c














































































J o smh that

7 flu KE whenever u aEVgl4nfAik3

2 Regarding product1quotient
rules hotline

for f or o or I types

Eg feel of

g 41 x grey ai g
28 got

3442T

Nowtnwtljmlfc41 ooiff.LK o providedthingy y
5 52T etc

Examples cf pl 18 Qs Cbs

hip to 2 Isin
o 3,157

not exist

AnalysisIn Ql
n

iff x n

iff l t'T n

off n 1 Assuming

riff 7 x i 0 I n 72 and a l

sol.qoy.ie tne vEin.TTu T.Then
V NEVg i n l.to ie I exe it 5 one has

oc x in so ne l t

12 Let me Al Take 8 Then

8 C x e 1 then I as 8 so ntl

n l Ix



1

The above proof ofQ2 b motivated fromthefollowing

For X L l
x
F L n

an
X I

I c n

a

yt

Sol of Q3 By Th 5 on a Q1 Q2

Atty m can try to do ni the following wars
Hitherto
Ihor Tht

each ofthethree cases would lead contradiction

it n ita
EX Comfayism

Test etc f411944 f X E IR

Efi
to ga to

it feel a e feel a



Th 6 CandyCriterion Let f X R
and c E B e.g f An c o n

X A
An C o c

Then lil iii where
i F et IR s.tn nife4 l i.e HE 028 0 s t

I feel else t at Vricin Xiao

dis tf E o F S o s.t

HH tfcut feels e ta
ut Volein Xiu

Th b't Let f Ca a IR Then

i him fees L for some l C IR
x 7 t N

ii f E so F M ou s t

Hui fCayce tf u a E m t a

Proof iii CD Let Eon be aregni
a a s t

linin xn to e.g xn n starting with N a

Then cis f xn b a Cauchy seq
Indeed

HE o take M correspondingly as wi Ciii



Shiu limn 2h t N F N E N s t

Xn Z M f n N

and it followsfrm the displayed line in Ciis

that
f semi fi ans k E f m n N

Therefore fans w candy and
hence

converges say to
l e IR et remains

to show that
IIng f Hi L
X t N

To do this but E O Theme F N C Nst

Ifans e k k t n N

and I M a sit

IfCui flask42 H u a M

Let N 7 Ni M Then

It Caw ele
It cm flank 42 t u M



And so

f Cui e k Ite E t u M

showing than limfcu L
u to

i Liii Easier

Th 6 is proved similarly

Ix l Let peg ax anoint Azn it t ta X'tGoFx
where a o and ai E IR ti They 1in fell t N

A to

find limpid x

X 7 A

Sd lim t n a o so F M o s t
x to

peuza E t R2 M

w
pas Elsen

as x x

we assume the basic alg property leading to

1 m sent t N

Inti int ex nkoEi.in mIEIInI.iny
Ex let q a E t am E t a x t ao t x

and a f 0 Then I im qe4 t N

1 1 70


